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Abstract
We consider the Fermi surface inside the antiferromagnetic ordered region of a Kondo lattice system in an arbitrary dimension
higher than one. We establish the existence of AFS, an antiferromagnetic phase whose Fermi surface is “small,” in the sense that the
local moments do not participate in the Fermi-surface formation. This is in contrast to the “large” Fermi surface that is typically
assumed for heavy fermion metals. We extend our earlier work to the case that the Fermi surface of the conduction electrons
intersects the antiferromagnetic Brillouin zone boundary. Our results provide a new perspective on local quantum criticality. In
addition, our results imply that, for the AFS phase, it is important to keep track of the dynamical screening processes; we suggest
that this effect is not captured in a recent variational Monte-Carlo study of the Kondo lattice.
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Quantum criticality and the associated magnetic quan-
tum phases of heavy fermion metals are of extensive current
interest, and the nature of the Fermi surface has emerged
as an important characterization of both[1,2]. This is be-
cause the presence or absence of Kondo screening, which
influences quantum criticality, also leads to distinct Fermi
surfaces in the proximate zero-temperature phases[3]. In
order to elucidate these issues, we study the Kondo lattice
model deep in its antiferromagnetic (AF) phase, in terms
of a quantum nonlinear sigma model (QNLσM) represen-
tation of the local-moment component[4]. We end up with
an effective coupling between the spin waves and conduc-
tion electrons, which we show is exactly marginal in the
renormalization group (RG) sense.
The Kondo lattice model is defined by: H = Hc +Hf +
HK , where, in standard notation, Hc =
∑
kσ c
†
kσckσ for a
band of conduction c−electrons,Hf = (1/2)
∑
ij IijSi ·Sj
for a lattice of spin-1/2 f−moments, andHK =
∑
i JKSi ·
sc,i describes the Kondo interaction. We will focus on
the AF Kondo lattice model, with the dominant nearest-
neighbor RKKY interaction I being antiferromagnetic
(I > 0), as is the Kondo interaction (JK > 0). We consider
the situation deep inside the AF part of the T = 0 phase
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diagram, where JK ≪ I and both are much smaller than
the bandwidth of the conduction electrons.
Since we are dealing with the ordered phase of a local mo-
ment antiferromagnet rather than a single impurity spin,
we map Hf to a QNLσM by standard means[5,6]: 2Si →
ηxn(x, τ)
√
1− [2adL(x, τ)]2+2adL(x, τ), where x labels
the position, ηx = ±1 on even and odd sites, and a is the
lattice constant. The low-lying excitations are concentrated
in the momentum space near q = Q (the AF wavevector)
and q = 0, corresponding to n and L respectively.
The case with the Fermi surface of the conduction elec-
trons not intersecting the antiferromagnetic Brillouin zone
(AFBZ) boundary was treated in Ref. [4]. Here, the linear
coupling n ·sc cannot connect two points on the Fermi sur-
face and thus, for low energy physics, it does not come into
play. The Kondo coupling reduces to, S ·sc → adL ·sc, cor-
responding to forward scattering for the conduction elec-
trons. Integrating out the L field leads to the effective ac-
tion: S = SQNLσM + SBerry + SK + Sc, where SQNLσM
is the quantum non-linear sigma model and Sc the ac-
tion for a free fermion band with a dispersion of ξK ≡
vF (K − KF ). The Kondo coupling has the form SK =
λ
∫
ddxdτ [sc(x, τ) ·ϕ(x, τ)], where the vector boson field
ϕ represents n× ∂n∂τ , with n being the QNLσM field. The
constraint n2 = 1 is implemented by n = (pi, σ), where pi
labels the Goldstone magnons and σ ≡ √1− pi2 is the mas-
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sive field. The Berry phase term, SBerry, is not important
inside the Ne´el phase.
In order to keep track of the Fermi surface in the RG pro-
cedure, we use a combination of the fermionic RG [7] and
standard bosonic RGmethods.We find amarginal coupling
at the tree level: the scaling dimension [λ] = 0. It turns out
that certain kinematic restrictions prevent higher-loop cor-
rections from entering the beta function. This results from
the forward-scattering nature of the effective Kondo cou-
pling. At the one-loop level this can be seen by an explicit
calculation, where momentum conservation inside the re-
strictive cutoffs limits the region of integration to an area
of size (dΛ)3/2. (Here dΛ = Λ− Λ/s, in the s→ 1+ limit.)
Going beyond one loop, it turns out that the Kondo vertex
contains a small parameter, 1/NΛ ≡ Λ/KF , relative to the
kinetic term: SK/Sc ∝ 1/
√
NΛ in the spin-flip case, and
SK/Sc ∝ 1/NΛ in the longitudinal case. In the asymptotic
low-energy limit (NΛ =∞), the higher loop corrections to
the beta function vanish. Therefore, the one-loop result is
the whole story and theKondo coupling is exactlymarginal.
There is no flow to the strong-coupling fixed point. This im-
plies the absence of static Kondo screening, and the Fermi
surface remains small. It alsomeans that there is no singular
correction to the QNLσM itself. Both conclusions can also
be seen in a suitable large-N limit of the effective action[4].
We now turn to the case when the Fermi surface of the
conduction electrons intersects the AFBZ boundary. Here,
the linear couplingn·sc cannot be neglected. The AF order
of the localmoments implies that a staggeredfield is applied
to the conduction electrons, resulting in a reconstruction
of their Fermi surface: the hot spots of the Fermi surface
become gapped out, as shown in Fig. 1. At the mean field
level, the conduction electron component now becomes:
HMFc =
AFBZ∑
kαβ
(
c†k,α, c
†
k+Q,α
) τ
0
αβǫk τ
z
αβ∆
τzαβ∆ τ
0
αβǫk+Q



 ck,β
ck+Q,β


where the sum on k only runs over the AFBZ, Q =
(π/a, π/a) is the AF ordering wavevector, τ0,z are the 2×2
unit/Pauli matrices, and the gap is given by the product of
the Kondo coupling and expectation value of the massive
field of the QNLσM: ∆ = λ〈σ〉. This is simply diagonalized
by a unitary transformation:

 akα
bkα

=

 ukσ
0
αβ vkσ
z
αβ
vkσ
z
αβ −ukσ0αβ



 ckβ
ck+Q,β

 . (1)
Using these new quasiparticles, the effective spin-flip
Kondo couplings become
−JK
2
AFBZ∑
k
BZ∑
q
[
Γσσ¯(k, q)
(
a†kσak+q,σ¯ − b†kσbk+q,σ¯
)
nσ¯q
]
(2)
where Γσσ¯(k, q) = ukvk+q−vkuk+q is the coherence factor.
The other terms, such as inter-band interactions (e.g. a†b)
are gapped out at low energies. Near the ordering wavevec-
tor the vertex is linear in momentum: Γ↑↓(k, q) ∝ q, where
QÓÖÖ
Fig. 1. When the Fermi surface of the conduction electrons intersects
the AFBZ boundary (the dashed lines), the Kondo coupling connects
the re-diagonalized fermions (whose Fermi surfaces are given by the
solid lines) to the QNLσM fields.
q is the deviation from the AF ordering wavevectorQ. (See
e.g., Ref. [8].) The form of this linear-momentum suppres-
sion factor survives beyond the mean-field treatment of the
conduction electron band, as dictated by Adler’s Theorem.
Within the RG analysis, the linear-momentum factor serves
the same function as the time derivative in ϕ to preserve
the marginality of the transverse Kondo coupling.
The marginal nature of the Kondo coupling means that
the effective Kondo coupling is finite at finite energies in
the AFS phase. One corollary is that the ground state wave-
function will incorporate such dynamical screening effects.
Recently, Watanabe and Ogata [10] have carried out a
variational Monte-Carlo study of the Kondo lattice. Their
choice of the variational wavefunction for the AFS does not
contain any dynamical screening, which we believe is re-
sponsible for their finding that the AFS phase is energeti-
cally unfavorable.
In conclusion, we have shown that the Kondo coupling
deep inside the ordered region of the antiferromagnetic
Kondo lattice is exactly marginal, thereby establishing the
existence of an antiferromagnet with a small Fermi surface.
The stability of this AFS phase provides a new anchoring
point to view the destruction of Kondo effect at the mag-
netic quantum critical point, as given in the local quantum
criticality [9]. It also serves as a benchmark for any approx-
imate or numerical studies of the Kondo lattice model.
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